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a b s t r a c t 

This paper presents a novel model for measuring the emission rate of a heated gas plume using hyper- 

spectral data from an FTIR imaging spectrometer. The radiative transfer equation (RTE) is used to relate 

the spectral intensity of a pixel to presumed Gaussian distributions of volume fraction and temperature 

within the plume, along a line-of-sight that corresponds to the pixel, whereas previous techniques exclu- 

sively presume uniform distributions for these parameters. Estimates of volume fraction and temperature 

are converted to a column density by integrating the local molecular density along each path. Image cor- 

relation velocimetry is then employed on raw spectral intensity images to estimate the volume-weighted 

normal velocity at each pixel. Finally, integrating the product of velocity and column density along a con- 

trol surface yields an estimate of the instantaneous emission rate. For validation, emission rate estimates 

were derived from synthetic hyperspectral images of a heated methane plume, generated using data from 

a large-eddy simulation. Calculating the RTE with Gaussian distributions of volume fraction and temper- 

ature, instead of uniform distributions, improved the accuracy of column density measurement by 14%. 

Moreover, the mean methane emission rate measured using our approach was within 4% of the ground 

truth. These results support the use of Gaussian distributions of thermodynamic properties in calculation 

of the RTE for optical gas diagnostics. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Gaseous emissions impact human health and safety, ecological

tability, and long-term climate patterns. For instance, aerosolized

O 2 and NO 2 produced by fossil fuel power stations are converted

o sulfuric and nitric acids, which further decompose into toxic

ompounds [1] . Sulfuric aerosols cause human respiratory mor-

idity; and subsequent acidic products damage nearby soil [2] .

ower stations must therefore scrub and monitor effluent gas flows

o minimize these effects [3] . Moreover, anthropogenic sources of

O 2 , CH 4 , and NO 2 contribute positive radiative forcing due to

he greenhouse effect and feedback mechanisms [4] . CH 4 and NO 2 

re of particular interest, as they have a mass-based greenhouse

arming potential that is 86 and 268 times greater than that of

O 2 over a 20-year period, respectively [5] . As a result, the EPA

as issued regulations, to decrease emissions of CH 4 , NO 2 , volatile

rganic compounds, and other toxic molecules [6] . Many nations

ave enacted similar rules to meet global climate commitments,
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hich frequently mandate that polluters monitor their emissions

o ensure compliance. Increased effort is therefore devoted to the

evelopment of emission diagnostics: to quantify the release of

azardous gasses, inform our fundamental understanding of turbu-

ent plume dispersion, and develop targeted mitigation strategies

7] . 

Several key factors complicate probe-based measurements of

missions from industrial chimneys, flare stacks, and landfills.

himneys and flare stacks are typically elevated, and feature dan-

erous compounds and high-temperature gas flows, which pose

afety risks and restrict physical access to emissions [8] . While

andfill hydrocarbon emissions are more readily accessible, they

re distributed across large areas and feature considerable varia-

ion over space and time [9] . Physical sampling through probes

rovides an important source of information for these scenarios,

ut the accuracy of emission fluxes inferred from point concen-

ration measurements is limited by the inherent locality of these

easurements and sensor uncertainty, among other issues [10] . 

Advances in spectroscopy and opto-electronic engineering have

nabled cost-effective, stand-off measurement of gas plumes us-

ng optical instruments [11] . Optical diagnostics are categorized

s active devices, which require illumination, and passive devices,
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Fig. 1. Schematic for hyperspectral imaging of flare emissions. The camera gener- 

ates a hyperspectral image of the flare, in which each pixel contains spectrally- 

resolved intensity data. This data is used to infer the molecular number density 

along each LOS. 
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which employ background illumination or thermal emission from

a heated gas. Line-of-sight (LOS) techniques include differential

absorption light detection and ranging [9,12] , tunable diode laser

absorption spectroscopy [13] , and UV [14] and Fourier-transform

IR (FTIR) spectroscopy [15] (see [16] for a comprehensive review

of these techniques). Spectroscopy-based diagnostics exploit the

unique spectral characteristics of target molecules to provide accu-

rate path-integrated concentration data, and can realize accuracies

below 1 ppm �m [17] . LOS data is used in conjunction with plume

mapping to identify the source of emissions and estimate concen-

tration distributions over a large area [18] . However, extrapolation

of single-path measurements yields uncertainties similar to those

of maps derived from probe data. Broadband [19,20] and multi-

spectral [21–23] IR imaging capture one or more 2D images of

spectrally-integrated intensity, which enable the instantaneous es-

timation of column density data throughout a field of view (FOV).

This approach, called gas correlation imaging, can be combined in

parallel with image correlation velocimetry to calculate the total

emission rate [24] . The number of target species that can be re-

solved by gas correlation methods is governed by the number and

spectral range of measurement bands; and estimate accuracy de-

creases in the presence of multiple absorbing species. 

Hyperspectral gas detection is an emerging technique, based

on 2D images with spectrally-resolved data for each pixel, called

a hypercube . Hyperspectral diagnostics incorporate the advantages

of both LOS spectroscopy and gas correlation imaging [25] . Cam-

eras that generate hyperspectral images for remote sensing typi-

cally couple an imaging Fourier-transform spectrometer with an IR

focal plane array. Fourier transformation of the interferogram pro-

duced by this combination yields a hypercube. Remote sensing of

emissions by this method has been conducted for plumes contain-

ing CO 2 , CH 4 , H 2 O, NO 2 , NO, SO 2 , HCl, C 2 F 6 , CHF 3 , CO, and R-134a

[26–32] . Savary et al. [33] proposed that hyperspectral imaging be

applied to monitor flare combustion efficiency, improving on the

multispectral approach of Zeng et al. [23] . And recent algorith-

mic development has focused on the robust detection of multi-

ple species [34] , including Bayesian methods [35] . Gålfalk et al.

[36] summarize state-of-the-art remote sensing of gas plumes by

hyperspectral imaging, and present a novel algorithm for multi-

species emission rate estimation. Each of these studies assumes a

uniform distribution of temperature and concentration throughout

a column of gas. By contrast, Ren and Modest [37] proposed an al-

gorithm to estimate the spatial distribution of temperature along a

single LOS for a gas of known composition. The authors show that,

given a single perspective, spectral data is a crucial input to infer-

ence of the gas state along the optical axis. However, their method

requires full knowledge of the gas composition, and is not gener-

ally applicable in the remote sensing context. 

This paper reports a novel model for quantification of heated,

gas-phase emissions using hyperspectral images, such as those

needed to carry out field-measurements of flare combustion ef-

ficiency. We assume Gaussian distributions of concentration and

temperature along a LOS to model spectral intensity measure-

ments, as opposed to the spatially-uniform gas column that has

been universally employed to date [26–36] . First, we estimate a

characteristic plume width along each LOS from broadband IR

data. Next, using this estimate, in conjunction with hyperspectral

data, we perform a nonlinear regression to identify peak values

of volume fraction and temperature for each pixel. The resulting

thermodynamic state distributions are used to calculate column

density, and image correlation velocimetry (ICV) is used to obtain

the volume fraction-weighted normal velocity along a control sur-

face that transects the plume. Finally, integration of the product

of column density and normal velocity along this control surface

yields a total mass emission rate. The procedure is executed in a
ime-resolved manner along multiple arcs, which enables robust

stimation of the time-averaged emission rate. 

We validate this approach through simulated detection of a

eated, turbulent CH 4 plume with a commercial imaging device.

hermodynamic state data was obtained from a large-eddy simu-

ation (LES) of the plume, and light incident on the camera’s aper-

ure was calculated by a ray tracing procedure via the pinhole

amera analogy. Spectral absorption data along rays throughout

he gas were obtained through line-by-line calculation using the

ITRAN database [38] , and the radiative transfer equation (RTE)

as then calculated along the camera rays to determine the spec-

ral intensity at each pixel. The incident intensity was downsam-

led with an instrument lineshape (ILS) function to account for

he camera’s Michelson interferometer [39] . The diffraction-limited

ature of the camera’s optics [40] was simulated with a Gaus-

ian point spread function, and white Gaussian noise was added

o simulate intensity fluctuations due to a photon shot process.

he result was a series of synthetic, time-resolved hyperspectral

mages, akin to those from a Telops Hyper-Cam. Our proposed

odel was executed on 0.5 s of artificial hyperspectral data, sam-

led at 50 Hz, to estimate the mass emission rate of CH 4 through

0 selected control surfaces. Gaussian closure of the measurement

odel improved the accuracy of column density measurement by

4% compared to uniform-concentration calculations. In our simu-

ated experiment, we measured a CH 4 emission rate of 5.2 g/s over

 0.5 s interval; this estimate lay within 4% of the 5.0 g/s ground

ruth. Our results support the use of Gaussian distributions of ther-

odynamic properties to calculate the RTE in hyperspectral gas

iagnostics. 

. Measurement model 

Fig. 1 illustrates a typical remote sensing scenario, in which an

maging Fourier transform spectrometer captures an image of a

aseous emission plume. The interferometer conducts a scan dur-

ng image capture to construct an interferogram, which is Fourier-

ransformed to obtain spectrally-resolved intensity data for each

ixel. The resulting set of monochromatic images is called a hy-

ercube. 

Pixels throughout the image relate to a LOS through the cam-

ra’s FOV, and the intensity recorded for a pixel relates to the

adiative transfer along the corresponding LOS. We infer the pres-

nce of a target molecule in the FOV using a model of the spectral

ntensity along each LOS. 
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Fig. 2. Calibrated (true) and idealized lineshape functions for the Michelson inter- 

ferometer of the modeled hyperspectral camera. 

Fig. 3. Procedure for inferring ρc along an LOS: Intensity is calculated for a gas 

state, which is updated until the measurement residual falls below a specified tol- 

erance. The final gas state is used to calculate a column density. 
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.1. Radiative transfer 

Spectral intensity along a LOS through the gas is governed by

he non-scattering RTE [41] 

 η(L ) = I η(0) exp 

{ 

−
L ∫ 

0 

κη(s ) ds 

} 

+ 

L ∫ 
0 

κη(s ) I bη[ T (s ) ] exp 

{
−

∫ L 

s 

κη(s ′ ) ds ′ 
}

ds , (1) 

here I η( s ) is the spectral intensity at wavenumber η along the

ptical path from 0 to L at position s; κη( s ) is the spectral absorp-

ion coefficient at s; I b η[ T ] is the blackbody intensity at tempera-

ure T ; and T ( s ) is the temperature of the medium. 

The spectral absorption coefficient is found by summing over

he spectral lines of the ro-vibrational transitions available to a

arget molecule. Transitions from state i to j , designated ij , are

entered on a wavenumber ηij , and have a profile determined by

he thermodynamic state of the gas and dominant modes of line

roadening [38] . We consider the Voigt profile f V 

f V (η;ηi j , χ, T , p) = 

∞ ∫ 
−∞ 

f L (η − η′ ) f G (η′ ) dη′ , (2)

here f L is the Lorentzian line shape, which corresponds to colli-

ion broadening; f G is the Gaussian line shape, which corresponds

o Doppler broadening; and χ , T , and p are the local volume frac-

ion, temperature, and pressure of the target molecule, respectively.

e calculate Eq. (2) with the correlation of Whiting [42] and line-

hape parameters from the HITRAN database [38] . The mass ab-

orption profile of the transition ij is given by 

η,i j = S i j (T ) f V (η) 
χ p 

k B T 
(3) 

here S ij is the spectral line intensity and k B is the Boltzmann

onstant. Summation of a molecule’s transition-specific coefficients

η , ij gives a mass spectral absorption coefficient κη . 

Eq. (1) can be computed for an LOS given the background spec-

ral intensity and gas state along the path. The result of this cal-

ulation is the spectral intensity incident on the camera’s aperture,

hich is effectively downsampled by the interferometer of the hy-

erspectral camera. Downsampling, also called apodization, here

efers to a spectral convolution, described by an ILS function 

 η,i = 

∞ ∫ 
0 

I ηF ( ηi − η) dη. (4) 

here S η,i is the measured intensity at ηi , I η is the received inten-

ity at η, and F is the ILS function. The ILS function depends on

he scan length and symmetry of the mirror in the camera’s inter-

erometer. Gross et al. [40] report a detailed ILS function F true for

he Telops Hyper-Cam, based on the finite and asymmetric scan

engths of that device’s interferometer 

 

true (η′ ) = 

2 x m 

[
4 (1 − 2 a ) 

2 
x 2 m 

η′ 2 − 1 

]
( 1 + 2 a ) 

(
x 2 m 

η′ 2 − 1 

) sinc( 2 πx m 

η′ ) , (5)

here a = 0.428752 is a constant and x m 

= 2.4 cm is the interfer-

meter’s maximum optical path difference. However, in testing our

easurement model, we employed an idealized function F ideal to

void the inverse crime: i.e. , using the same measurement model

o generate and invert synthetic data. F ideal is the unapodized ILS

or a Michelson interferometer with a symmetric scan and boxcar

eighting 

 

ideal (η′ ) = 2 x m 

sinc(2 πx m 

η′ ) , (6)
here x m 

= 2.4 cm is the maximum optical path difference of the

nterferometer. Fig. 2 shows the functions F ideal and F true . 

Finally, the spectral measurement vector b ε R 

m x1 for a pixel is

onstructed as b = { S η,i } i = 1,…, m 

for m measurement wavenumbers. 

.2. Inverse considerations 

Both the RTE in Eq. (1) and the column density ρc along a LOS

elate to the gas state along that path. The column density is de-

ived from the ideal gas law 

c = 

M 

A 

L ∫ 
0 

χ(s ) p 

k B T (s ) 
ds , (7) 

here M is the molecular mass of the target and A is Avogadro’s

umber. Together, distributions of χ and T imply a measurement b ,

er Eq. (4) , and column density ρc , per Eq. (7) (noting that pres-

ure variation throughout an atmospheric plume is negligible). We

ompare the measured spectral intensity b 

meas to our model b 

mod ,

tself a function of χ and T along the LOS. Model distributions of

and T are obtained by a minimization procedure that continues

ntil the residual between b 

meas and b 

mod is below a specified tol-

rance. Eq. (7) is computed for the final distributions of χ and T ,

hich yields an estimate of ρc for a pixel. Fig. 3 depicts the pro-

edure for estimating the column density of a target from an LOS

easurement. 

The functional form of χ and T along an LOS is not known a

riori . Previous work, e.g. , [26–36] used an implicit representation

f the gas, assuming a uniform thermodynamic state throughout

he plume. (Plume thickness may be inferred if not already known,

y including it as a parameter in the regression.) In this procedure,

easurements are directly associated with a column density, both

alculated for a gas column of uniform composition and tempera-

ure. In reality, however, atmospheric plumes are not spatially uni-

orm in composition; therefore, the assumption of a uniform gas

olumn introduces error into the measurement model. 
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Fig. 4. Control surface geometry for emission rate calculation: x 1 is an arc in the 

image plane; x 2 is normal to the image plane; and x 3 is the direction perpendicular 

to x 1 and orthogonal to x 2 . Scalars s 1 , s 2 , and s 3 locate a position along x 1 , x 2 , and 

x 3 , respectively. 
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Section 4.1 demonstrates the effect of this error on inferred val-

ues of ρc , but one can also discern this effect by analytical means.

There are many pairs of χ and T that yield different column den-

sities but imply the same measurement. As a result, the inference

of ρc from hyperspectral data is formally underdetermined. For in-

stance, even if T is known, the true value of χ may not be fixed

[37] . Ren and Modest [37] illustrate this by considering a heated

plume where T is roughly constant and emission by the gas dom-

inates the measured spectral intensity. In this scenario, a simplifi-

cation of Eq. (1) governs the received intensity 

I η(L ) ≈ I bη(T ) κη(T ) 
L ∫ 

0 

χ(s ) exp 

{ 

−κη(T ) 
∫ L 

s χ(s ′ ) ds ′ 
} 

ds 

= I bη(T ) κη(T ) 
L ∫ 

0 

exp 

{ 

−κη(T ) 
∫ L 

s χ(s ′ ) ds ′ 
} 

d 

(∫ L 
s χ(s ′ ) ds ′ 

)
= I bη(T ) 

[ 
1 − exp 

{ 

−κη(T ) 
∫ L 

0 χ(s ) ds 

} ] . (8)

Eq. (8) maps the set of distributions of χ that exhibit the same

mean volume fraction onto a single intensity measurement. As

a result, an infinite set of candidate profiles of χ exists, which

each approximate any data vector b 

meas equally well, despite full

knowledge of the temperature distribution. In addition, uncertainty

about the plume width (in this case the integration bounds), or er-

ror in the plume width estimate, will magnify error in the column

density estimate. Therefore, we must include accurate assumptions

about the distribution of χ and T into the measurement model

to estimate ρc from hyperspectral data, such that the model con-

forms to the physics of the gas plume. This requirement arises both

from the underdetermined nature of the ρc inference, illustrated

by Eq. (8) , and re-absorption of thermal emission ( i.e. , the nested

integral in Eq. (1) ). This latter aspect implies that measured inten-

sity depends on the functional form of the gas state [37] , which af-

fects estimates of ρc . (Ren and Modest [37] demonstrate that, even

for constant background conditions, measured intensity can differ

on either side of a gas column.) 

We note that, in atmospheric emission plumes, advection-based

mixing dominates diffusion in turbulent scalar transport on short

timescales. Variations in χ and T are therefore driven by air en-

trainment into the plume and, consequently, these properties are

strongly correlated near the emission source. χ and T thus gener-

ally decay from maximum values at the center of the plume to am-

bient conditions at the periphery of the plume. On average, such

gas distributions are well-modeled as Gaussian. As such, we as-

sume both state variables follow a Gaussian profile along a LOS

and decay to ambient conditions 

χ(s ) = χmax exp 

{
− s 2 

2 σ 2 
s 

}
, 

T (s ) = ( T max − T amb ) exp 

{
− s 2 

2 σ 2 
s 

}
+ T amb , (9)

where the standard deviation σ s characterizes the plume width,

χmax is the peak volume fraction, T max is the peak temperature,

and T amb is the ambient temperature. As a result, our measurement

model b 

mod is a function of σ s , χmax , and T max , only, via Eq. (5) .

(Alternatively, we can characterize the temperature in terms of

	T = T max – T amb .) We obtain these parameters for a given set

of data b 

meas by nonlinear regression. Finally, using values of σ s ,

χmax , and 	T from this regression, we substitute Eq. (8) into

Eq. (6) to obtain a column density ρc 
mod ( σ s , χmax , 	T ). 

Selecting Gaussian distributions for χ and T introduces model

error, as the gas state does not truly obey a Gaussian distribution

at any given instance. However, this treatment is more accurate

than the uniform gas assumption operative in previous work, as

we show in Section 4.1 . 
.3. Emission rate calculation 

The emission rate is computed using a control surface that en-

ompasses the entire plume. To illustrate this procedure, we con-

ider the geometric representation in Fig. 4 . 

First, we define an arbitrary system of orthogonal coordinates

 1 , x 2 , and x 3 in R 

3 with respect to a control surface that con-

ains the plume. The x 1 basis is an arc that lies in the image plane.

 1 forms a control surface with x 2 , which is normal to the im-

ge plane. x 3 is the perpendicular distance to this surface, and is

ligned with the image plane along with x 1 . The arc x 1 is defined

uch that all emissions pass through the surface, which spans x 1 
nd x 2 . Scalars s 1 , s 2 , and s 3 determine a location along x 1 , x 2 , and

 3 , respectively. Using this system, the emission rate ṁ of a gas is

˙ 
 = 

∫ ∫ 
ρ( s 1 , s 2 ) · u 3 ( s 1 , s 2 ) d s 1 d s 2 , (10)

here ρ is the local partial density of the target species, u 3 is the

ocal velocity component in the direction of s 3 , and the integration

imits bound the plume. Next, consider a partial density-weighted

ormal velocity ū 3 that is averaged along x 2 

¯
 3 ( s 1 ) ≡ 1 

ρc ( s 1 ) 

∫ 
ρ( s 1 , s 2 ) u 3 ( s 1 , s 2 ) d s 2 , (11)

here ρc is the mass-based column density along x 2 . The x 2 ba-

is is aligned with the camera’s LOS vectors. Therefore, ρc is the

olumn density of Eq. (7) , and ū 3 corresponds to the velocity ob-

ained by ICV. Since these quantities are constant along x 2 , we use

hem to simplify Eq. (11) as 

˙ 
 = 

∫ 
ρc ( s 1 ) · ū 3 ( s 1 ) d s 1 . (12)

The remainder of this section details a two-step regression to

alculate ρc , and a description of ICV in the context of optical mass

ux measurement. 

.3.1. Improved column density regression 

Accurate characterization of the plume width along x 2 can im-

rove estimates of χmax , and T max . The plume width for the LOS

orresponding to the i th pixel is characterized in terms of σ s , i . We

an estimate this value by direct inspection of the hyperspectral

mages, reducing the uncertainty of subsequent estimates of χmax 

nd T max . Therefore, we propose a two-step procedure: (i) estimate

s , i for pixels along a control surface, and (ii) carry out a nonlinear

egression to obtain χmax and T max and thereby estimate ρc along

he surface. 

On average, the broadband power P for pixel i , given by the

um of b 

meas for that pixel, is proportional to the plume width
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long the associated LOS. Moreover, the control surface can gen-

rally be constructed such that probability density functions of

elocity, volume fraction, and temperature along the surface are

xisymmetric about the center of the plume. As a result, the max-

mum plume width in the viewing direction, along x 2 , will, on av-

rage, equal the maximum plume width in the image plane, along

 1 . The plume width along the control arc is directly observable;

nd, by the previous reasoning, this width along x 1 corresponds to

he plume width in x 3 for the brightest pixel along the arc. 

We first estimate the plume width along x 3 for the LOS of the

rightest pixel in the control surface, based on the width of the

lume along x 1 . Next, we use a relative broadband power to es-

imate the width for the remainder of pixels along x 1 . The maxi-

um plume width for pixels along a control surface, characterized

y σ s, max , is approximated as 

s,max = 

1 √ 

2 π	P 

∑ 

i 

( P i − P i,min ) 	s i , (13) 

here 	s i is the width of the i th pixel in the mid-plane of the

lume, P i ,min is the minimum power for pixels that contain gas,

nd 	P is the range of P for the same set of pixels. Pixel-wise es-

imates of σ s , i along the control surface are computed as 

s,i = 

( P i − P i,min ) 

	P 
σs,max . (14) 

Given σ s , i for a pixel, we infer parameters χmax and T max 

max , T max = arg min 

χ,T 

{ ∥∥b 

meas − b 

mod ( σs,i , χ, T ) 
∥∥2 

2 

} 

, (15) 

here b 

meas is the received measurement at the pixel i , and b 

mod 

s calculated using Eq. (4) with χ and T given by Eq. (9) . Eq. (15) is

olved with the Levenberg–Marquardt algorithm. Finally, the col-

mn density ρc is calculated for each pixel by Eq. (8) . 

.3.2. Imaging partial density-weighted velocity 

To compute the partial density-weighted average normal veloc-

ty ū 3 , we use LaVision DaVis 8.3.0, a third-party image correlation

elocimetry (ICV) software package. ICV is a mature technique, re-

ated to particle image velocimetry (PIV). In PIV, the displacement

f a fluid element between two image acquisitions is estimated by

racking seed particles in the flow. ICV applies the same approach

o track large-scale turbulent structures. The most basic implemen-

ation of ICV operates on two images of a flow. First, images are

patially parsed into small interrogation windows. Next, the cross-

orrelation of a given window from one image frame to the next

ields a correlation map. The peak location of this map represents

he 2D displacement of the fluid element represented by the win-

ow. Fluid velocities within the image plane at the center of the

indows are estimated based on the spatial scaling of the imaging

evice and temporal resolution of image capture. 

Advanced ICV packages, such as DaVis, include procedures such

s image pre-processing, window-weighting and morphing, and

purious vector rejection. These procedures improve estimates of

¯ 3 , enabling a sub-pixel resolution. In this work, we found ICV er-

or was minimized by using the maximum spectral intensity im-

ges. Pre-processing consisted of intensity normalization over a

 px neighborhood, and 4:1 elliptical window-weighting in the

nown direction of the simulated flow. Finally, we employed a

hree-frame kernel for pixel-by-pixel time-averaging to dampen

he effect of spurious vectors that were not detected by the out-

ier detection algorithm. 
. Simulated emission rate measurement of a heated CH 4 

lume 

.1. LES of a heated CH 4 plume 

We simulated optical detection of a heated CH 4 plume em-

nating from a vertical stack to test our measurement model.

he LES was conducted with Fire Dynamics Simulator [43] with

 0.5 × 0.5 × 1 m rectangular prism domain having a resolution

f 6.67 mm and 3.33 mm in the transverse and axial dimen-

ions, respectively. Subgrid stresses were calculated by the dy-

amic Smagorinsky model. In the simulation, a 20% −80% CH 4 –N 2 

ixture entered the domain with a uniform jet velocity of 5 cm/s

nd temperature of 400 K through a circular vent, 4 ′′ in diameter,

nto quiescent, ambient N 2 at 293 K. This configuration produced

 turbulent buoyant plume with a densimetric Froude number of

pproximately 0.09. We ran the simulation for 10 s of physical time

ith a reporting rate of 50 Hz. 

.2. Synthetic image capture 

Synthetic hyperspectral images of the simulated CH 4 –N 2 flow

ere generated to resemble images captured by a commercially-

vailable imaging Fourier transform spectrometer: the Telops

yper-Cam MW Fast. This device has a spectral range of 20 0 0–

333 cm 

−1 (3 to 5 μm) with a resolution up to 0.25 cm 

−1 . The

amera is equipped with a 320 × 256 px focal plane array detec-

or with a pixel pitch of 30 μm [44] . The FPA is coupled to a

raditional Michelson interferometer, which enables the generation

f an interferogram at each pixel and, following Fourier transfor-

ation, a data cube of spectrally-resolved images [40] . Equipped

ith the standard telescope, the Hyper-Cam MW Fast has a FOV of

.4 °× 5.1 °. 
Line-of-sight vectors through the LES domain were derived for

ach pixel using a pinhole camera analogy, in which pixels corre-

pond to a location on the camera’s focal plane array. These vectors

ere established using the intrinsic and extrinsic transfer func-

ions of the camera. The intrinsic function enables calculation of

OS vectors relative to the camera axis, and the extrinsic func-

ion transforms these vectors to the global coordinate system. We

erived the intrinsic transfer function using the camera’s sensor

ize and reported FOV, and the extrinsic transfer function using

he problem geometry. A telescope magnification of 1.25x was se-

ected to maximize intersection of the LOS vectors with the LES

omain. The camera was positioned such that the tip of the stack

as horizontally-centered and located 5 px from the bottom edge

f the images. 

Spectral intensity incident on the camera’s optics is computed

or an arbitrary LOS using Eq. (1) . This procedure requires CH 4 

tate data ( χ and T ) along the vector, in this case taken from LES

ata. State data for each vector was interpolated at 250 points

hrough the LES domain. We assume spectral intensity is roughly

niform across a pixel, such that intensity at the pixel can be com-

uted using the vector that intersects the center of the pixel. To

lose Eq. (1) , we specified a background intensity from a black-

ody at 255 K, representing skylight in the IR region, and used the

oigt lineshape to calculate κη at each point along the LOS vectors.

pectral intensity was computed at a resolution of 0.025 cm 

−1 to

nsure proper representation of the Voigt lineshape. The output of

q. (1) represented the light incident upon the camera’s aperture,

ased on an ideal pinhole-model of the camera’s optics. 

The spectral intensity incident on a pixel was downsampled us-

ng the “true” lineshape in Eq. (4) . We repeated this procedure for

ach pixel of the camera’s 320 × 256 px sensor. Image blur, due to

he camera’s diffraction-limited nature [39] , was approximated for

ach frame with a Gaussian point spread function, which assumes
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Fig. 5. Sample images of (a) column density and (b) peak spectral intensity as viewed from the hyperspectral imaging device. 
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linear shift invariance of the optics. We padded images with a 5 px

border and applied the point spread function. The blurring kernel

had a FWHM of 1.103 px, corresponding to blur at the center of

the sensor; this FWHM is based on measurements by Telops [33] .

Following the blur procedure, we removed the padding and intro-

duced 3% white Gaussian noise to each pixel to model shot noise. 

Images were generated at 50 Hz for a 0.5 s subset of the LES.

We selected a sub-spectrum of CH 4 ’s 3.3 μm ro-vibrational band,

from 30 0 0 to 3050 cm 

−1 . These parameters resulted in a total of

26 hypercubes, individually comprising 200 measurements of spec-

tral intensity for each pixel. 

Fig. 5 shows sample images from this analysis, including an im-

age of mass-based column density, and spectral intensity over the

3017.50 to 3017.75 cm 

−1 measurement band (in this case, the peak

spectral intensity). 

3.3. Test procedure 

We conducted two tests to assess our measurement model and

emission rate diagnostic. The first test was designed to isolate the

impact of model error on estimates of ρc ; the second test evalu-

ated the full diagnostic, using LES data to compare measured and

ground truth emission rates. 

In the model error test, we randomly sampled 150 LOS vec-

tors through the LES domain. Measurement locations were sam-

pled as s 2 ∼ U (65 cm, 80 cm), with sinogram coordinates in the

x 1 –x 3 plane drawn according to s ∼ U (0 cm, 5 cm) and θ ∼ U (0,

π ). We computed Eq. (1) with a 250-point quadrature, using the

255 K blackbody boundary condition described in Section 3.2 . In

order to compare the uniform and Gaussian distributions, we ran a

regression similar to Eq. (15) . However, we included the σ s param-

eter as an unknown parameter in the uniform and Gaussian regres-

sions. The resulting comparison isolates the effect of the uniform

gas and Gaussian gas states in calculation of the RTE for pixel-wise

estimates of column density. 

Our emission rate test was conducted with the synthetic images

described in Section 3.2 . We selected 20 control surfaces through

the plume. For simplicity, each surface was a row of pixels, equally

spaced from 84 to 88 cm in the image plane. We obtained column

density estimates using the two-step procedure in Section 4.3.1

and Eq. (15) , and ICV estimates using DaVis 8.3.0. Finally, we in-

tegrated the product of ρc and ū 3 along each row, and compared

our estimates of ṁ to the simulated ground truth. 

4. Results and discussion 

4.1. Uniform versus Gaussian gas state model error 

Estimates of column density, derived from hyperspectral data,

are required to calculate a total mass rate. These estimates entail
odels of the radiative transfer through a participating medium,

ollection optics in the camera, and fluctuations in the gas state.

adiative transfer and optical modeling are well-studied problems,

nd these models can be validated in a laboratory setting. How-

ver, heated, atmospheric emissions feature considerable variation

n composition and temperature, and the relationship between

odeled data for a LOS and the column density is a direct func-

ion of the thermodynamic state along that path. Moreover, mul-

iple distributions of gas can approximate any set of experimental

ata to a high degree of precision. As such, column density errors

tem primarily from uncertainty about the distribution of gas nor-

al to the image plane. Special attention to this distribution can

mprove the accuracy of column density data, which, in turn, im-

roves mass rate estimates. 

The accuracy of ρc estimates depends on the correspondence

etween a presumed distribution of volume fraction and tempera-

ure and the ground truth gas state. However, hyperspectral emis-

ion diagnostics typically feature a single perspective, due to the

ost and complexity of spectrally-resolved measurement, so it is

ifficult to verify assumptions about the gas state normal to the

mage plane. This study employs a heated, free-shear, atmospheric

lume as a detection target; such flows are highly turbulent. Previ-

us work on hyperspectral gas diagnostics closed the measurement

odel with a uniform distribution of gas [26–36] . The Gaussian

ecay used in this work involves the same number of parameters

s this standard, uniform closure. However, unlike the distribution

odel, the Gaussian profile is a good approximation to the mean

istributions of χ and T along an arbitrary LOS through an emis-

ion plume. As such, we propose that hyperspectral measurements

f ρc be calculated using a Gaussian distribution gas. 

We simulated a heated, turbulent CH 4 plume and estimated ρc 

ith uniform and Gaussian profiles to test both closures. First, we

ampled individual LOS ρc regression results to compare model

rrors arising directly from the uniform and Gaussian distribu-

ions. Fig. 6 shows instantaneous distributions of concentration and

emperature of CH 4 along three paths (Samples I to III), and the

orresponding regression profiles. Table 1 summarizes the column

ensity, peak volume fraction, and peak temperature results. 

Estimates of χmax were more accurate than those of 	T for

oth models, with errors in Samples I to III ranging from 4 to

5% for χmax and 4 to 69% for 	T . Each of the samples fea-

ures a strong correlation between χ ( s ) and T ( s ), which supports

n advection-driven model of emission mixing near the stack ( i.e. ,

here χ and T are linear products of a single state variable [45] ).

he variables are correlated because turbulent advection near the

lume stack dominates diffusion, which is only apparent on large

imescales in the far field of the plume. In some instances, both re-

ressions fail to optimize the fit of χ and T with the gas state along

he optical axis. This deficiency is due to the underdetermined
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Fig. 6. Sample distributions of volume fraction (a,c,e) and temperature (b,d,f) for three optical paths: LOS I (a,b), II (c,d), and III (e,f). Ground truth distributions are filled in, 

and distributions from the uniform and Gaussian regressions are plotted as lines. 

Table 1 

Regression results and errors for the sample paths shown in Fig. 6 . 

LOS ρc (g/m 

2 ) χmax (m 

3 /m 

3 ) 	T [K] 

I (a,b) Exact 1.14 0.015 8.66 

Unif. 1.25 (9%) 0.011 (25%) 5.02 (42%) 

Gaus. 1.15 (1%) 0.013 (13%) 8.29 (4%) 

II (c,d) Exact 0.70 0.012 6.56 

Unif. 0.83 (17%) 0.012 (4%) 2.70 (59%) 

Gaus. 0.81 (15%) 0.011 (9%) 4.10 (38%) 

III (e,f) Exact 0.88 0.014 7.76 

Unif. 1.06 (20%) 0.012 (9%) 2.44 (69%) 

Gaus. 1.02 (16%) 0.012 (11%) 4.01 (48%) 

Fig. 7. True measurement of spectral intensity for the gas distribution, and cor- 

responding modeled measurements for the uniform and Gaussian distributions, 

shown in Fig. 6 . 
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ature of column density inference. The regression operates on

he measurement data (see Fig. 7 ), and small errors due to shot

oise and inaccuracies in the downsampling function can cause

arge deviations in the regression parameters. It is also clear from

ig. 6 that neither the uniform nor Gaussian profile fully captures

he behavior of the gas. However, both distributions are selected

n part to minimize the number of inferred parameters, and the
aussian distribution is expected to better correspond to the gas

tate, on average. 

Increasing the degrees-of-freedom of state distributions dra-

atically increases the uncertainty of parameter estimates. This

ffect occurs because many distributions produce the same resid-

al: Given a distribution defined by a large number of parame-

ers, numerous combinations of parameters appear equally likely.

hese combinations may imply unique column densities, such that

he pixel-wise column density inference is under-determined ( cf.

q. (8) ). At the same time, intricate state variable functions, such

s a series of radial basis functions, could better capture instanta-

eous temperature distributions. If there is a spatial relationship

etween the parameters ( i.e. , if parameters of neighboring pixels

re correlated), it may be possible to usefully apply such functions,

hich is a topic for future research. 

Per the results in Table 1 , the Gaussian model generated su-

erior estimates of ρc , χmax , and 	T for the sample regressions

hown in Fig. 6 . Both the concentration and temperature of CH 4 

ere greatest near the center of the plume, decaying to ambient

onditions toward the plume’s periphery. This behavior is more

ligned with a Gaussian distribution than a uniform distribution.

owever, despite this difference, both profiles were able to approx-

mate the synthetic LOS measurement to a high degree of preci-

ion. Fig. 7 shows b 

meas and uniform and Gaussian b 

mod vectors

or the LOS distributions of Sample I in Fig. 6 . 

Modeled data generated with the uniform and Gaussian pro-

les converged to the synthetic vector b 

meas to a tolerance of 10 −9 .

owever, while the b 

mod vectors were nearly identical, the column

ensity estimates were 0.70 g/m 

2 from the uniform model and

.88 g/m 

2 from the Gaussian model, compared to the ground truth

f ρc = 1.14 g/m 

2 . This discrepancy, where two gas columns with a

6% difference in column density implied near-identical measure-

ents, clearly illustrates the ill-posed nature of column density in-

erence for an anisotropic gas. 

Column density, volume fraction, and temperature error his-

ograms for the full population of LOS regressions are shown in

ig. 8 . Mean errors in these quantities for the uniform and Gaus-

ian models, respectively, were: μρ = 26% and 12%; μχ = 12% and

0%; and μT = 55% and 24%. Both models exhibited structural model
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Fig. 8. Distribution of errors for (a) column density, (b) volume fraction, and (c) temperature difference. 

Fig. 9. True measurement of spectral intensity for the gas distribution in Fig. 6 , and 

modeled measurements for the uniform and Gaussian regression results in Fig. 6 . 
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error. However, the Gaussian closure outperformed the uniform

closure on each metric due to its improved correspondence to the

ground truth state compared to the uniform model. 

Errors for both functions depend on the amount of gas along

the measurement chord. Fig. 9 shows column density errors for the

different measurement models as a function of the ground truth

column density. 

From this figure, it can be seen that the accuracy of column

density estimates was similar for a small amount of gas, regardless

of the measurement model, with a small standard deviation in ei-

ther case. However, as the number of CH 4 molecules is increased,

the uniform model increasingly overestimated the presence of tar-

get molecules. The mean accuracy of the Gaussian model did not

change significantly with increasing column densities, but the vari-

ance did increase. The superior performance of the Gaussian clo-

sure in terms of ρc , χmax , and 	T estimates supports the use of a

Gaussian model in hyperspectral gas diagnostics. 

4.2. Emission rate measurement from hyperspectral data 

The incremental mass rate ṁ 

′ is calculated from the product

of ρc and ū 3 , the partial density-weighted velocity normal to the

control surface. This value is integrated along x 1 , which yields the

total emission rate ṁ . For our second test, we used the hypercubes

described in Section 3.2 to calculate the total mass rate according

to the procedure in Section 2.3 . Fig. 10 shows sample distributions

of ρc , ū 3 , and ṁ 

′ for two control surfaces at t = 9.44 s, where LOS

chords are orthogonal to the image. The top and bottom rows cor-

respond to z = 88 cm and 84 cm, respectively, where z is the height

above the stack outlet in the mid-plane of the plume. 

The mean error in the total mass rate for all rows was 9%,

showing moderate improvement over the 12% realized in the LOS

tests of Section 4.1 . These estimates differ in terms of the plume

thickness σ s used in regression. In the LOS tests of Section 4.1 ,

σ s was inferred as part of the regression alongside χmax , and 	T .

This procedure enabled the fair comparison of the uniform and

Gaussian models. However, in our mass rate calculation, we used

the procedure described in Section 2.3.1 to estimate σ s prior to
egression, thus reducing the dimension of our regression from

hree to two. This two-step approach gave slightly better results. 

For a typical control surface, ICV-related error dominated that

f column density estimation. We propose that this error is due

o intrinsic limitations of ICV. Specifically, since ICV tracks large-

cale turbulent structures, the technique requires a telescope mag-

ification that is sufficiently small to resolve numerous turbulent

tructures across several scales within the image plane. Such a

ow magnification inherently reduces the vector field resolution.

mportantly, the velocity resolution is limited by the size of tur-

ulent structures in the FOV. Introducing a higher-magnification

elescope would not improve velocity resolution over the plume

idth, as observable turbulent structures would be larger in the

mage plane. However, under crosswind conditions in the field,

here plume velocity is dominated by the crosswind instead of

uid momentum out of the stack or buoyancy, we suggest that a

onstant plume velocity could reduce measurement error. This ve-

ocity would be presumed equal to the wind velocity. 

Finally, Fig. 11 shows the error histogram for the total mass

ates calculated from our synthetic hypercubes. The average mass

ate along our control surfaces for the duration of measurement

as 5.0 g/s, compared to an estimate of 5.2 g/s for an error of 4%.

he standard deviation of mass rate errors was 24%, due in sub-

tantial part to error in the ICV results. This variability indicates

any large mass rate errors. However, error in the ICV results

as unbiased, and structural error in column density estimates

as small. As a result, increasing the duration of measurement

an improve the accuracy of emission rate results. In the future,

e will examine the measurement duration necessary to converge

pon accurate emission rate estimates, and the effect of non-target

pecies on estimates. 

Taken together, the results presented throughout

ection 4 strongly support the use of Gaussian-based mass

ate estimation from hyperspectral data. 

. Conclusions 

Gas emissions of hazardous molecules and greenhouse gases

ose numerous health and environmental risks. Quantitative de-

ection methods are thus required to monitor emissions and de-

elop mitigation strategies. Line-of-sight (LOS)-based diagnostics

an provide detailed path-integrated concentration data and re-

uce the need for point measurement in harsh environments, but

annot accurately resolve mass flux data. Two-dimensional broad-

and and multispectral gas correlation techniques resolve a field

f view, and can yield mass flux data, but are limited to a small

umber of target species. Hyperspectral methods of gas detection

ombine the advantages of LOS and spectrally-integrated imaging

y resolving spectral information for each pixel of time-resolved,

D images. Quantitative hyperspectral mass rate estimation relies

n models of radiative transfer, camera optics, and the gas dis-

ribution throughout an emission plume. The latter component of
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Fig. 10. Sample mass rate inputs calculated from hyperspectral data along control surfaces at z = 88 cm (a–c) and z = 84 cm (d–f) at t = 9.44 s. Exact and estimate profiles are 

shown for ρc (a and d), ū 3 (b and e), and ṁ 

′ (c and d). Ground truth and estimated mass rates for the first and second rows was 5.7 g/s and 3.6 g/s, with estimates of 7.5 g/s 

and 3.6 g/s and errors of 33% and 1%, respectively. 

Fig. 11. Error histogram for total mass estimates. 
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yperspectral measurement models contributes a majority of the

ncertainty of column density estimates, which are required to

ompute the total mass rate. 

Assumptions regarding thermodynamic state variation through-

ut a gas must be specified to close the measurement model of an

ptical gas diagnostic. Gas distributions are implicit in the mea-

urement models of most existing diagnostics, which assume a

niform state throughout the plume. This paper presents a novel

pproach to calculation of the radiative transfer equation (RTE)

n the context of optical gas measurement. We calculate modeled

easurements for an LOS using a Gaussian profile that decays from

 peak volume fraction and temperature to ambient conditions.

ubstitution of a Gaussian profile for the classic, uniform profile

reserves the number of inferred parameters. The substitution is

otivated by the mixing behavior of free-shear turbulent flows:

n average, targeted species near the flare stack will decay from a

aximum concentration and temperature within a plume to ambi-

nt conditions. This means decay is smooth, and more akin to the

aussian distribution than the uniform distribution. As such, aver-

ge model errors are expected to diminish for the Gaussian closure

elative to the uniform closure. 

We validate our model by simulating the detection of a heated

H 4 leak with a commercial device. This flow is a surrogate for a

ingle species in the flare combustion context. We calculated ther-

al emission data from the plume for pixel-wise spectra using the
TE and a Gaussian distribution of volume fraction and tempera-

ure. Spectral absorption data for CH 4 were obtained through line-

y-line summation of the 3.3 μm ro-vibrational band. The plume

epth along each LOS was estimated from the observable width of

he plume along a control surface that transected the plume in the

mage plane. Next, we estimated peak values of volume fraction

nd temperature along a chord by nonlinear regression between

he modeled emission and measured spectral data. This procedure

as repeated for each pixel along the control surface. 

Peak volume fraction and temperature estimates were con-

erted to a column density by integrating the local molecular

ensity along each LOS. Image correlation velocimetry was em-

loyed in parallel on raw spectral intensity images to estimate the

olume-weighted normal velocity at each pixel. Finally, integration

f the product of velocity and column density along the control

urface yielded an estimate of the instantaneous emission rate. 

We generated synthetic hyperspectral images of a heated CH 4 

lume using data from a large-eddy simulation, and ran our tech-

ique for several control surfaces. Our results were compared to

he standard uniform gas approach. Calculating the RTE for Gaus-

ian distributions, instead of uniform distributions, improved the

ccuracy of column density measurement by 14%. Moreover, we

easured a CH 4 emission rate of 5.2 g/s over 0.5 s, which lay

ithin 4% of the 5.0 g/s ground truth. These results support the

se of Gaussian distributions of the gas state in calculation of the

TE for optical gas diagnostics. Future work will apply this model

o the measurement of flare combustion efficiency. 
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